Abstract. We consider the nonlinear fourth order boundary value problem u ð4Þ ðxÞ ¼ l f ðx; uðxÞ; u 0 ðxÞÞ
Introduction
The deformations of an elastic beam are described by a fourth-order twopoint boundary value problem [6] . The boundary conditions are given according to the controls at the ends of the beam. For example, the nonlinear fourth order problem u ð4Þ ðxÞ ¼ l f ðx; uðxÞ; u 0 ðxÞÞ uð0Þ ¼ u 0 ð0Þ ¼ u 00 ð1Þ ¼ u 000 ð1Þ ¼ 0 ð1:1Þ describes the deformations of an elastic beam whose one end fixed and the other end free.
The existence of solutions of (1.1) has been studied by Gupta [6] . But to the best of our knowledge, there are no any results concerning the existence of positive solutions of (1.1). In this paper, we will study the existence and multiplicity of positive solutions of (1.1).
We will make the following assumptions: (A1) f : ½0; 1 Â ½0; yÞ Â ½0; yÞ ! ðÀy; yÞ is continuous and there exists M > 0 such that f ðx; u; pÞ b ÀM; for ðx; u; pÞ A ½0; 1 Â ½0; yÞ Â ½0; yÞ; 
Then A has a fixed point in K V ðW 2 nW 1 Þ.
For the results concerning the existence and multiplicity of positive solutions of fourth-order ordinary di¤erential equations with other di¤erent conditions and nonnegative nonlinearities, one may refer, with further references therein, to Del Pino and Manásevich [2] , Dunninger [3] , Graef and Yong [4] , Ma and Wang [7] and Zhang and Kong [10] .
The preliminary lemmas
To prove Theorem 1 and Theorem 2, we need several preliminary results. In the following, we will use the Banach space C½0; 1 and its sup norm k Á k 0 . 
Proof of the theorems
We furnish the set C Choose a real number N > 0, such that 
for u A K V qW 2 . Therefore, it follows from the first part of Theorem 3 that A has a fixed pointũ u in K V ðW 2 nW 1 Þ such that 2 a kũ uk a R: ð3:21Þ
Moreover, by combining (3.21) with (3.7) and (3.8) and using Lemma 2 and Lemma 3, we know that we get a positive solution uðxÞ ¼ũ uðxÞ À zðxÞ of (1.1).
Proof of Theorem 2. From (3.23), we have that (1.1) has a positive solution u 1 satisfying
To find the second positive solution of (1.1), we set f Ã ðx; u; pÞ ¼ f ðx; u; pÞ; for ðx; u; pÞ A ½0; 1 Â ½0; a Â ½0; a f ðx; a; pÞ; for ðx; u; pÞ A ½0; 1 Â ða; yÞ Â ½0; a f ðx; u; aÞ; for ðx; u; pÞ A ½0; 1 Â ½0; a Â ða; yÞ f ðx; a; aÞ; for ðx; u; pÞ A ½0; 1 Â ða; yÞ Â ða; yÞ: Combining this with (3.26) and (3.30), we find that u 2 is also a solution of (1.1). From (3.30), (3.25), (3.31) and (3.40), we know that (1.1) has two distinct positive solutions u 1 and u 2 for l A ð0; L 1 Þ.
